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Abstract
Let Λ be a left and right Artin ring and ΛωΛ a faithfully balanced selforthogonal bimodule. We
give a sufficient condition that the injective dimension of ωΛ is finite implies that of Λω is also finite.
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1. Introduction
Unless stated otherwise, Λ is a left noetherian ring, Γ is a right noetherian ring. We
use modΛ (resp. modΓ op) to denote the category of finitely generated left Λ-modules
(resp. right Γ -modules). The modules considered are finitely generated. For a module ω
in modΛ (resp. modΓ op) we use l.idΛ(ω) (resp. r.idΓ (ω)) to denote the left (resp. right)
injective dimension of ω.
Definition 1 [10]. Let ω be in modΛ. We call ω a selforthogonal module if ExtiΛ(ω,ω)= 0
for any i  1. A selforthogonal module ω is called a cotilting module if l.idΛ(ω) <∞ and
the natural map Λ→ End(ωEnd(Λω)) is an isomorphism. Similarly, we define the notion
of cotilting modules in modΓ op. Dually, we define the notion of tilting modules in modΛ
(resp. modΓ op).
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cotilting modules coincide with those given in [2,3]. These can be seen by using [12,
Proposition 1.6] and its dual result.
A bimodule ΛωΓ is called a faithfully balanced selforthogonal bimodule if it satisfies
the following conditions:
(1) The natural maps Γ → End(Λω)op and Λ→ End(ωΓ ) are isomorphisms.
(2) ExtiΛ(Λω,Λω)= 0= ExtiΓ (ωΓ ,ωΓ ) for any i  1.
Miyashita in [12] showed that for a faithfully balanced selforthogonal bimodule
ΛωΓ ,Λω is tilting if and only if ωΓ is tilting. Assume that Λ and Γ are Artin algebras. If
Λω and ωΓ are cotilting then l.idΛ(ω)= r.idΓ (ω) by [3, Lemma 1.7]. However, in general
we do not know whether Λω (resp. ωΓ ) is necessarily cotilting or not provided that ωΓ
(resp. Λω) is cotilting. Then it is natural to ask when Λω is cotilting if ωΓ is cotilting.
This question is a general case of an important question raised by Auslander and Reiten [2,
p. 150] (that is, does r.idΛ(Λ) <∞ imply l.idΛ(Λ) <∞ (where Λ is an Artin algebra) ?).
In this paper, for a faithfully balanced selforthogonal bimodule ΛωΛ over a left and right
Artin ring Λ, we give a sufficient condition that ωΛ is cotilting implies that Λω is also
cotilting. As a consequence, we have that Λω is classical cotilting if and only if ωΛ is
classical cotilting.
2. Main result
Let A be in modΛ (resp. modΓ op) and i a non-negative integer. We say that the
grade of A, written grade A, is greater than or equal to i if ExtjΛ(A,Λ) = 0 (resp.
ExtjΓ (A,Γ ) = 0) for any 0  j < i . We denote s.gradeA  i if gradeX  i for each
submodule X of A. Let W be in modΛ (resp. modΓ op). We say that the grade of A with
respect to W , written gradeW A, is greater than or equal to i if Ext
j
Λ(A,W) = 0 (resp.
ExtjΓ (A,W)= 0) for any 0 j < i .
Assume that Λ is a left and right Artin ring and ΛωΛ is a faithfully balanced
selforthogonal bimodule. Our main result is the following
Theorem. Letm and n be positive integers. Suppose that r.idΛ(ω) n and gradeω ExtmΛ(M,
ω) n− 1 for any M ∈modΛ. Then l.idΛ(ω)m+ n− 1.
A cotilting module Λω (resp.ωΛ) is call classical cotilting if l.idΛ(ω) (resp. r.idΛ(ω))
1. Consider the case n = 1 in theorem above. It is clear that the second assumption
(gradeω ExtmΛ(M,ω) n− 1 for any M ∈modΛ) is always satisfied and we get
Corollary 1. Λω is classical cotilting if and only if ωΛ is classical cotilting.
Put ΛωΓ =ΛΛΛ. Then we have
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Let r.idΛ(Λ) n(<∞) and
0→Λ→ I0 → I1 → ·· ·→ In→ 0
be a minimal injective resolution of Λ as a right Λ-module. Assume that the right
flat dimension of
⊕n−1
i=0 Ii is less than or equal to r(< ∞). We may assume that
r  n and r = n + s where s is a non-negative integer. Then by [8, Theorem 2.8]
we have s.gradeExtn+s+1Λ (M,Λ)  n, and certainly gradeExt
n+s+1
Λ (M,Λ)  n for any
M ∈ modΛ. By theorem above, l.idΛ(Λ)  (n + s + 1) + n − 1 = 2n + s (<∞). It
follows from [13, Lemma A] that l.idΛ(Λ)= r.idΛ(Λ). Hence we have established
Corollary 3. If r.idΛ(Λ) = n and the first n terms of the minimal injective resolution of
ΛΛ have finite right flat dimension, then l.idΛ(Λ)= n.
Suppose k is a positive integer. An Artin algebra Λ is called quasi k-Gorenstein [9]
(resp. k-Gorenstein [4]) if the ith term of the minimal injective resolution of ΛΛ has
left flat dimension at most i + 1 (resp. i) for any 0  i  k − 1. By theorem above, [8,
Theorem 3.3] (or [5, Theorem 4.7]) and [13, Lemma A] we have
Corollary 4. l.idΛ(Λ)= r.idΛ(Λ) if Λ is a (quasi) k-Gorenstein algebra for all k.
Auslander showed in [7, Theorem 3.7] that the notion of k-Gorenstein algebras is
left-right symmetric (note: on the contrary, the notion of quasi k-Gorenstein algebras
is not left-right symmetric [9]). An Artin algebra Λ is called Auslander–Gorenstein [6]
if Λ is k-Gorenstein for all k and it has finite left and right self-injective dimension
(that is, l.idΛ(Λ) = r.idΛ(Λ) <∞). By Corollary 4 we may weaken the condition of
this definition, that is, we have that an Artin algebra Λ is Auslander–Gorenstein if Λ
is k-Gorenstein for all k and it has finite either sided self-injective dimension (see [4,
Corollary 5.5(b)]).
3. The proof of main result
We first recall some notions. Let A be in modΛ (resp. modΓ op). We call HomΛ(ΛA,
ΛωΓ ) (resp. HomΓ (AΓ ,ΛωΓ )) the dual module of Awith respect to ω, and denote either of
these modules by Aω. For a homomorphism f between Λ-modules (resp. Γ op-modules),
we put f ω = Hom(f,ΛωΓ ). Let σA :A→ Aωω via σA(x)(f ) = f (x) for any x ∈ A and
f ∈ Aω be the canonical evaluation homomorphism. A is called ω-torsionless (resp. ω-
reflexive) if σA is a monomorphism (resp. an isomorphism). It is easy to see that any
projective module in modΛ (resp. mod Γ op) is ω-reflexive.
Let A be in modΛ and
· · ·→ Pi fi−→ · · · f2−→P1 f1−→P0 →A→ 0
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each fi (i  1) there is a natural epic-monic decomposition: fi = αiπi with πi epic and αi
monic.
Lemma 1. Xωi ∼=Ai+1 and Xωωi ∼=Aωi+1 ∼=Kerf ωi+2 for any i  1.
Proof. For any i  1 we have exact sequences:
0→Ai+1 αi+1−→Pi fi−→Pi−1 πi−1−→Ai−1 → 0,
0→Aωi−1
πω
i−1−→Pωi−1
f ωi−→Pωi
βi−→Xi → 0.
Then we get the following commutative diagram with exact rows:
0 Ai+1
f
αi+1
Pi
σPi
fi
Pi−1
σPi−1
πi−1
Ai−1 0
0 Xωi
βωi
Pωωi
f ωωi
Pωωi−1
(1)
where σPi and σPi−1 are isomorphisms. Hence f is an isomorphism and Xωi ∼= Ai+1. The
other assertions follow easily. ✷
Lemma 2. For any i  1 there is an exact sequence:
ζi : 0→ ExtiΛ(A,ω)→Xi
φi−→Pωi+1 →Xi+1 → 0.
Proof. Let φi be the composition:
Xi
σXi−→Xωωi
f ω−→Aωi+1
πω
i+1−→Pωi+1,
that is, φi = πωi+1f ωσXi .
Since πωi+1 is a monomorphism and f ω is an isomorphism, Kerφi =Ker(πωi+1f ωσXi )∼=
KerσXi ∼= Ext1Λ(Ai−1,ω)∼= ExtiΛ(A,ω) by [11, Lemma 2.1].
Now we calculate Cokerφi .
Since fi+1 = αi+1πi+1, f ωi+1 = πωi+1αωi+1. From diagram (1) we know that σPi αi+1 =
βωi f and α
ω
i+1σωPi = f ωβωωi , and so f ωi+1σωPi = πωi+1αωi+1σωPi = πωi+1f ωβωωi . Since
σωPi σP
ω
i
= 1Pωi (cf. [1, Proposition 20.14]) and βωωi σPωi = σXi βi , we have that f ωi+1 =
πωi+1f ωβωωi σPωi = πωi+1f ωσXi βi = φiβi. Since βi is epic, Imf ωi+1 = Im(φiβi) ∼= Imφi
and Cokerφi ∼= Pωi+1/ Imφi ∼= Pωi+1/ Imf ωi+1 ∼= Cokerf ωi+1 =Xi+1. We are done. ✷
Lemma 3. Ext1 (Xi,ω)= 0 for any i  2.Γ
266 Z. Huang / Journal of Algebra 264 (2003) 262–268Proof. By [11, Lemma 2.1] there is an exact sequence:
0→ Ext1Γ (Xi,ω)→Ai−1
σAi−1−→ Aωωi−1 → Ext2Γ (Xi,ω)→ 0.
If i  2, then Ai−1 is ω-torsionless because Ai−1 is a submodule of Pi−2. It follows that
σAi−1 is monic and Ext1Γ (Xi,ω)= 0. ✷
Lemma 4. Suppose m and n are positive integers and gradeω ExtmΛ(M,ω) n− 1 for any
M ∈modΛ. Then ExtjΓ (Xi+j−1,ω)= 0 for any i m+ 1 and 1 j  n.
Proof. The case n= 1 follows from Lemma 3. Now suppose n 2. Since gradeω ExtmΛ(M,
ω) n− 1 for any M ∈ modΛ, it is easy to see that gradeω ExtiΛ(M,ω) n− 1 for any
M ∈ modΛ and i m. Applying HomΓ (−,ω) to the exact sequences (ζi), . . . , (ζi+n−2)
(where i m+ 1) in Lemma 2, we get a chain of embeddings:
ExtnΓ (Xi+n−1,ω) ↪→ Extn−1Γ (Xi+n−2,ω) ↪→ ·· · ↪→ Ext1Γ (Xi,ω).
Now our assertion follows from Lemma 3. ✷
From now on, assume that m and n are positive integers, r.idΓ (ω)  n and gradeω
ExtmΛ(M,ω) n− 1 for any M ∈modΛ.
Lemma 5. ExtjΓ (Xi,ω)= 0 for any i m+ n and j  1.
Proof. Since r.idΓ (ω)  n, ExtjΓ (Xi,ω) = 0 for any j  n + 1. On the other hand,
ExtjΓ (Xi,ω)= 0 for any 1 j  n by Lemma 4. Hence we are done. ✷
Lemma 6. Ai is ω-reflexive for any i m+ n− 1.
Proof. By [11, Lemma 2.1] there is an exact sequence:
0→ Ext1Γ (Xi+1,ω)→Ai
σAi−→Aωωi → Ext2Γ (Xi+1,ω)→ 0.
By Lemma 5, Ext1Γ (Xi+1,ω) = 0 = Ext2Γ (Xi+1,ω) for any i  m+ n− 1. So σAi is an
isomorphism and Ai is ω-reflexive. ✷
Lemma 7. ExtjΓ (A
ω
i ,ω)= 0 for any i m+ n− 1 and j  1.
Proof. Because there is an exact sequence
0→Aωi → Pωi
f ωi+1−→Pωi+1 →Xi+1 → 0,
our conclusion follows from Lemma 5. ✷
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Proof. From the definition of φi (see the proof of Lemma 2) we know that φi =
πωi+1f ωσXi and φ
ω
i = σωXi f ωωπωωi+1. Notice that Ai+1 is ω-reflexive by Lemma 6, so σAi+1
is an isomorphism. Since πωωi+1σPi+1 = σAi+1πi+1 and πi+1 is epic, πωωi+1 is also epic. On
the other hand, σωXi is epic by [1, Proposition 20.14], f ωω is an isomorphism since f is an
isomorphism (see the proof of Lemma 1). Hence we have that φωi is epic.
Put K = Imφi . Then we have an epic-monic decomposition φi = απ with π :Xi →K
epic and α :K → Pωi+1 monic. Since φωi is epic and πω is monic, from φωi = πωαω we
know that πω is an epimorphism and hence an isomorphism. Moreover, from the exact
sequence 0→ ExtiΛ(A,ω)→Xi
π−→K→ 0 we get a long exact sequence:
0 → Kω πω−→Xωi →
[
ExtiΛ(A,ω)
]ω → Ext1Γ (K,ω)→ Ext1Γ (Xi,ω)
→ Ext1Γ
(
ExtiΛ(A,ω),ω
)→ Ext2Γ (K,ω)→ Ext2Γ (Xi,ω)→ ·· ·→ ExtjΓ (Xi,ω)
→ ExtjΓ
(
ExtiΛ(A,ω),ω
)→ Extj+1Γ (K,ω)→ Extj+1Γ (Xi,ω)→·· · ;
on the other hand, applying HomΓ (−,ω) to the exact sequence 0 → K α−→Pωi+1 →
Xi+1 → 0 we get the following isomorphisms:
ExtjΓ (K,ω)∼= Extj+1Γ (Xi+1,ω)
for any j  1.
Note that i  m + n, so ExtjΓ (Xi,ω) = 0 = Extj+1Γ (Xi+1,ω) for any j  1 by
Lemma 5. It follows from the long exact sequence above that [ExtiΛ(A,ω)]ω = 0 =
ExtjΓ (Ext
i
Λ(A,ω),ω) for any j  1 and gradeω ExtiΛ(A,ω)=∞. ✷
Assume that Λ is a left and right Artin ring and ΛωΓ =ΛωΛ. We now give the proof of
the main result.
Proof of Theorem. Because r.idΛ(ω)  n(< ∞), there is a well defined linear map
β :K0(modΛop) → K0(modΛ) via β([X]) = ∑i0(−1)i[ExtiΛ(X,ω)] for any X in
modΛop.
For i m+ n− 1, by Lemmas 6 and 7 we have
[A] =
i−1∑
j=0
(−1)j [Pj ] + (−1)i[Ai] =
i−1∑
j=0
(−1)j [Pωωj ]+ (−1)i[Aωωi ]
=
i−1∑
j=0
(−1)jβ([Pωj ])+ (−1)iβ([Aωi ])
= β
(
i−1∑
(−1)j [Pωj ]+ (−1)i[Aωi ]
)
,j=0
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Note that Λ is a left and right Artin ring, so both K0(modΛop) and K0(modΛ)
are finitely generated free abelian groups with rankK0(modΛop) = rankK0(modΛ),
and [X] = 0 if and only if X = 0 for any X in modΛop. On the other hand,
gradeω ExtiΛ(A,ω) =∞ for any i  m + n by Lemma 8. So ExtjΛ(ExtiΛ(A,ω),ω) = 0
for any j  0 and i m+ n and β([ExtiΛ(A,ω)])= 0 for any i m+ n. Consequently
[ExtiΛ(A,ω)] = 0 and ExtiΛ(A,ω) = 0 for any i  m + n, which implies l.idΛ(ω) 
m+ n− 1. ✷
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